An isometric path is merely any shortest path between two vertices. If the vertices of the hypercube Qn are represented by the set of 0 -1 vectors of length n, an isometric path is obtained by changing the coordinates of a vector one at a time, never changing the same coordinate more than once. The minimum number of isometric paths required to cover the vertices of Qn is at least 2 n =(n + 1). We show that when n + 1 is a power of 2, the lower bound is in fact the minimum. In doing so, we construct a family of disjoint isometric paths which can be used to ÿnd an upper bound for additional classes of hypercubes.
An isometric path between two vertices in a graph G is any shortest path joining those vertices. The isometric path number of G, denoted by p(G), is the minimum number of isometric paths required to cover all the vertices of G. This was introduced in [5] , arising out of the game of Cops and Robber [6, 1] . On any graph G, in which one cop su ces to win, one algorithm to determine the winning strategy is obtained by projecting the positions onto isometric paths in the graph. The cop then moves onto a vertex in G which reduces his distance in each projection. A variant of the game is where each cop is restricted to a 'beat'. Natural candidates for 'beats' are retracts. (R is a retract of G if there is an edge-preserving map of G onto R which ÿxes R vertex-wise.) The simplest interesting beats which are retracts are isometric paths. Therefore, an upper bound on the number of cops required when the beats are retracts is the isometric path number. This is because each cop can move towards the robber's projection on his beat. Eventually all the cops are on the robber's projection at which time at least one is actually on the same vertex as the robber.
The isometric path numbers of all grids were found in [4] . For example, the isometric path number of the n × n grid is 2n=3 . In this paper, we consider the isometric path number of hypercubes. Let Q n denote the hypercube with 2 n vertices.
There are many other path covering problems. One that contrasts with our results is found in [2] . The induced path number (G) of a graph G is the minimum number of subsets in a partition of V (G) such that each subset induces a path. Chartrand and others [3] proved that (Q d ) 6 2 d−3 and conjectured that (Q d ) 6 d. Alsardary [2] showed that (Q d ) 6 16. Lemma 1 shows that no constant number of isometric paths will su ce for all hypercubes.
Lemma 1. For any integer
Proof. This follows since any isometric path in Q n can contain at most n + 1 vertices.
It is easy to show that this lower bound on p(Q n ) is achieved exactly for n = 1; 2; 3. Can the lower bound be achieved for other values of n? The answer is yes. When n + 1 = 2 t then the division in Lemma 1 is exact. In this case, as presented in Theorem 6, we give a family of disjoint paths of length n + 1 which cover the hypercube. Using this family of paths, we also ÿnd a construction for the cases n + 1 = 2 t + 2 t−1 and for n + 1 = 2 t + 2 t−2 . These constructions require covering smaller hypercubes that are not covered by the family of paths. If these smaller hypercubes were known to have their isometric path numbers equal to the lower bound then, asymptotically, the isometric path numbers for n + 1 = 2 t + 2 t−1 and n + 1 = 2 t + 2 t−2 would also equal the lower bounds. Unfortunately, we do not know if this is the case. Let n be the value of the lower bound for p(Q n ) given in Lemma 1. What we can show is that for n + 1 = 2 t + 2
and for n + 1 = 2 t + 2
(See Corollaries 8 and 10, respectively.) The vertices of the hypercube Q n may be considered as the set of 0 -1 vectors of length n. Two vertices are adjacent if the entries in their respective vectors di er in exactly one position. Therefore, an isometric path P in Q n is represented by a sequence of vectors, where any two consecutive vectors di er in exactly one position and the ÿrst and last vectors di er in exactly '(P) positions, where '(P) is the length of P.
Lemma 2. For any of the integers
Proof. Suppose that P is a set of p(Q n ) isometric paths that cover all the vertices of Q n . Let (v 1 ; v 2 ; : : : ; v k ) be any isometric path in P and let w be any 0 -1 vector of length m. If we concatenate w to the end of each vector v i ; i = 1; 2; : : : ; k; the resulting sequence of vectors represents an isometric path in Q m+n . If we repeat this for every combination of path in P and 0 -1 vector of length m, the result is a set of 2 m p(Q n ) isometric paths that cover all the vertices of Q m+n . Hence, p(Q m+n ) 6 2 m p(Q n ).
We deÿne the operation ⊕ on two elements of the set of the 0 -1 vectors of length n by adding them coordinate-wise modulo 2. With this addition, these vectors form the group, Z n 2 .
We let e i = 0 n−i 1 i . That is, the vector of length n with 0's in the ÿrst n − i positions and 1's in the rest. Note that for any vector a, the sequence of vertices (a ⊕ e i | i = 0; 1; 2; : : : ; n) is an isometric path.
Lemma 3. Let a 1 ; a 2 ; : : : ; a k be a minimal set of generators for a subgroup of Z n 2 .
Suppose that for any choice of i ∈ {0; 1} and any 0 6 r ¡ s 6 n; it is the case that Proof. Since the set of generators is minimal then | a 1 ; a 2 ; : : : ; Proof. Suppose that i; j i; j v i; j = e r ⊕ e s = a for some 0 6 r ¡ s 6 n. Note that a = 0 n−s 1 s−r 0 r . Let k be the maximum integer value of i such that (n−2 i−1 )=2 i ¿ 1. Now suppose that k; l = 1 for some l ¿ 1 and k; j = 0 for all j = l. Then a has 1's in the 2 k−1 and 2 k−1 + l2 k positions, since no v i; j has 1's in these positions for i ¡ k. Because the 1's must appear in a consecutive run, there must also be a 1 in the 2 k position. This is impossible since no vector in V i; j has a 1 in this position.
If k; l = 1 and k; l−t = 1 for some integers l and t where 0 ¡ t ¡ l, then a has 1's in the 2 k−1 + (l − t)2 k and 2 k−1 + l2 k positions. This means that a must also have a 1 in the (l − t + 1)2 k position. This is impossible since no vector in V i; j has a 1 in this position. Hence, k; j = 0 for all j = 1; 2; etc. Now assume that for 1 6 m 6 k; i; j = 0 for all i = m+1; m+2; : : : ; k and j = 1; 2; : : : : Suppose that m; l = 1 for some l ¿ 1. Then a has 1's in the 2 m−1 + (l − t)2 m and 2 m−1 + l2 m positions for some integer t such that 1 6 t 6 l. Then a also has a 1 in the (l − t + 1)2 m position. This is impossible since no vector v i; j where i 6 m has a 1 in this position. Hence, m; j = 0 for all j = 1; 2; etc.
By induction, i; j = 0 for all i; j. Hence, a = a r ⊕ a s = 0 n and r = s. Therefore, the vectors in V i; j satisfy the criteria in Lemma 3 and |{ V i; j ⊕ e r | r = 0; 1; : : : ; n}| = 2 |Vi; j | (n + 1):
Corollary 5. For n ¿ 0 and the set V i; j as described above; the graph Q n contains 2 | Vi; j | disjoint isometric paths each containing n + 1 vertices.
Proof. For any vector v in V i; j ; (v ⊕ e r | r = 0; 1; : : : ; n) represents an isometric path in Q n . Furthermore, by Lemma 4, all such isometric paths are disjoint.
Theorem 6.
If n + 1 = 2 t for some integer t ¿ 1 then p(Q n ) = 2 2 t −t−1 .
Proof. By Lemma 1 we have p(Q n ) ¿ 2 n =(n + 1). If n + 1 = 2 t for some integer t ¿ 1 then p(Q n ) ¿ (2
Now suppose that we ÿnd the set of generators V i; j as described in Lemma 4. By Corollary 5, there are 2 | Vi; j | disjoint isometric paths which cover a total of | V i; j |(n + 1) vertices.
If
Hence, all the vertices of Q n are covered by the set of isometric paths obtained from V i; j and p(Q n ) = 2
Lemma 7. Suppose that n + 1 = 2 t + 2 t−2 for some integer t¿2. Then
Proof. Let V i; j be the set of generators described above. Since (n − 2 i−1 )=2 i = 2 t−i + 2 t−i−2 − 1 for i = 1; 2; : : : ; t − 2 and (n − 2 i−1 )=2 i = 1 when i = t − 1 then
Thus, from Corollary 5 there are 2
vertices. This leaves 3 × 2 2 t +2 t−2 −4 = 3 × 2 n−3 vertices yet to be covered. Note that no vector in V i; j has a 1 in either the 2 t−1 position or the 2 t position. This is due to the fact that 2 i−1 + j2 i does not equal either 2 t−1 or 2 t for any of the allowed values of i and j. Hence, if a vector in { V i; j ⊕ e r | r = 1; 2; : : : ; n} has a 1 in the 2 t position then it is obtained by adding a vector e r for some r ¿ 2 t to a vector v in V i; j . However, v ⊕ e r also has a 1 in the 2 t−1 position. Hence, { V i; j ⊕ e r | r = 1; 2; : : : ; n} contains no vectors with a 0 in the 2 t−1 position and a 1 in the 2 t position. The subgraph formed by the vertices in Q n with a 0 in the 2 t−1 position and a 1 in the 2 t position is the hypercube Q n−2 . Hence, these vertices can be covered with p(Q n−2 ) isometric paths. Furthermore, none of these paths intersect with the isometric paths formed by our generating set. There now remain 2 n−3 vertices to be covered. The only vector in V i; j with a 1 in either the 2 t−2 or 2 t−2 + 2 t−1 position is v t−1; 1 . Hence, for any vector v in V i; j ; v has either 1's in both the 2 t−2 and 2 t−2 + 2 positions which means that a ⊕ e r has a 1 in the 2 t−2 position. Therefore, { V i; j ⊕ e r | r = 1; 2; : : : ; n} contains no vectors with 0,1,1,1 in the 2 t−2 ; 2 t−1 ; 2 t−2 + 2 t−1 and 2 t positions, respectively. Similarly, there are no vectors in { V i; j ⊕ e r | r = 1; 2; : : : ; n} with 1,1,0,1 in the 2 t−2 ; 2 t−1 ; 2 t−2 + 2 t−1 and 2 t positions, respectively. The subgraph in Q n induced by these uncovered vertices consists of two copies of the hypercube Q n−4 . Therefore, these vertices can be covered with 2p(Q n−4 ) isometric paths. Note that these paths do not intersect any other isometric paths given to this point, so the remaining 2 n−3 vertices are now covered. Thus, the result follows.
Corollary 8. Suppose that n+1 = 2 t +2 t−2 for t ¿ 2. Let n be the value of the lower bound for p(Q n ) given in Lemma We know very little about the graphs k n where k; n ¿ 2. Even in the case k = 3; the lower bound seems far from the truth since all the paths cannot be both disjoint and of maximum length.
2. What is p(3 n )? 3. Find good bounds for p(k n ); k ÿxed. Everything about rectangular grids is known. Questions regarding higher dimensional grids remain. Speciÿcally:
4. What is p(k 3 )? 5. Find good bounds for p(k n ); n ÿxed.
